The choice of the etching depth for semiconductor microcavities is a compromise between a high Q factor and a difficult technique in a practical fabricating process. In this paper, the influences of the etching depth on mode Q factors for mid-infrared quantum cascade microcylinder and microsquare lasers around 4.8 and 7.8 m are simulated by three-dimensional (3D) finite-difference time-domain (FDTD) techniques. For the microcylinder and the microsquare resonators, the mode Q factors of the whispering-gallery modes (WGMs) increase exponentially and linearly with the increase in the etching depth, respectively. Furthermore, the mode Q factors of some higher order transverse WGMs may be larger than that of the fundamental transverse WGM in 3D microsquares. Based on the field distribution of the vertical multilayer slab waveguide and the mode Q factors versus the etching depth, the necessary etching depth is chosen at the position where the field amplitude is 1% of the peak value of the slab waveguide. In addition, the influences of sidewall roughness on the mode Q factors are simulated for microsquare resonators by 2D FDTD simulation.
INTRODUCTION
As optical microcavities have the advantage of ultrasmall volume, high Q factor and low threshold current quantum cascade (QC) microlasers have received great attention since QC lasers were realized [1] [2] [3] [4] [5] [6] . QC microdisk lasers supported by a small pedestal to form strong vertical optical confinement were fabricated first [2] . However, microcylinder lasers with a vertical semiconductor waveguide will have much better heat dissipation and current injection efficiency than the microdisk lasers. QC microcylinder lasers at a wavelength of 5 m were realized by the wet etching technique with circular and stadiumlike cross sections and an etching depth of 5.4 m [3] , and QC microcylinder and quadrupolar-shaped microlasers at a wavelength 10 m were fabricated by the reactive ion etching technique with an etching depth of 9 -10 m [4, 5] . Furthermore, QC spiral-shaped chaotic resonator lasers at a wavelength of 8 m [6] and QC ridge waveguide lasers coupled to an active ring resonator filter at a wavelength of 9 m [7] were fabricated by the inductively coupled plasma reactive ion etching technique with an etching depth of 15 and 16 m, respectively. The reported etching depths vary from the magnitude of the emitting wavelength to about twice the wavelength. To reduce the difficult etching process and post technique process, the etching depth should be optimized based on the horizontal radiation loss.
Recently, finite-difference time-domain (FDTD) techniques were applied to investigate the mode characteristics [8, 9] , to optimize device structures [7] , and to estimate radiative loss for QC microcavity lasers [10] . In this paper, the mode characteristics of microcylinders and microsquares with mode wavelengths of about 4.8 and 7.8 m are investigated by the three-dimensional (3D) FDTD technique. The results show that the mode Q factors increase exponentially with the etching depth in the microcylinders but only increase linearly with the etching depth in the microsquares before approaching a constant value. The mode Q factors can reach a magnitude of 10 4 as etching down to the position where the field amplitude of the multiple slab waveguide of the QC laser is less than 1% of the peak value. So the necessary etching depth can be estimated based on the mode field distribution of the multiple slab waveguide instead of performing the time consumption FDTD simulation. The simulations indicate that the vertical radiation loss is very weak for transverse mode (TM) whispering-gallery modes (WGMs) in the microcylinders and microsquares as in [11, 12] , which is an advantage for QC microcavity lasers because of their inherent TM polarization. Furthermore, we find that some higher order transverse WGMs may have a higher Q factor than the fundamental transverse WGM in the 3D microsquares. In addition, the influences of period roughness and random roughness at the boundaries on the mode Q factors are simulated for the square resonators by 2D FDTD.
NUMERICAL MODELS
In this section, the computation models and methods of FDTD simulation are presented for 3D microcylinders and microsquares. For the 3D microcylinders as shown in Fig. 1(a) , the components of the electromagnetic fields can be expressed in an axially symmetric cylindrical coordinate system ͑r , , z͒ as H r ͑r,,z,t͒ = h r ͑r,z,t͒exp͑i͒, H ͑r,,z,t͒ = ih ͑r,z,t͒exp͑i͒,
with the angular field dependence exp͑i͒. They satisfy the following equations [13] :
where 0 is the vacuum magnetic permeability, is the electrical permittivity, and is the azimuthal mode number. The confined TM-like WGMs with the main electromagnetic field components ͑E z , H r , H F ͒ could be marked as TM ,l with the radial mode numbers l. A schematic of the cross section of a microcylinder with radius R is shown in Fig. 1(a Fig. 1(a) denote the FDTD calculation region, where the perfect matched layer (PML) absorbing boundary conditions are applied at the boundaries ⌫ a , ⌫ c , and ⌫ d [14] . The analytical solution of the z-directional electromagnetic fields can be expressed as the Bessel function in a circular rod. Based on the asymptotic behavior of the Bessel function [13] , the condition ϰ r ͑ Ͼ 0͒ is applied to the z-directional electromagnetic fields at the inner boundary ⌫ b of r =6⌬r, where ⌬r is the spatial grid in the r direction. The parameters for the microcylinder resonators are shown in Table 1 , where long wavelength (LW) and short wavelength (SW) correspond to the structures that emit wavelengths of around 7.8 and 4.8 m and with radius R = 10 and 5 m, respectively. For the LW (SW) microcylinder resonators, the boundaries ⌫ a , ⌫ c , and ⌫ d are placed 5, 5, and 3 m (3, 5, and 2 m) away from the up and down cladding layers, and the lateral boundaries of the microcylinder, respectively.
In addition to the microcylinder, we consider a 3D microsquare resonator as shown in Fig. 1(b) with the vertical compositions as the microcylinder. For the microsquare, the electromagnetic field components satisfy the following Maxwell equations in a 3D Cartesian coordinate system [14] : 
͑3͒
The LW and SW microsquares with the emitting wavelength around 7.8 and 4.8 m are considered with the sidelength a = 20 and 10 m, respectively. Based on the symmetry and antisymmetry conditions relative to the plane ⌺ x at x = 0 and the plane ⌺ y at y = 0, the FDTD simulation can be performed over one fourth of the microsquare resonator, just as the section removed from the whole microsquare in Fig. 1(b) , for reducing the computation time and simulating the modes with the same symmetry condition. Except for the ⌺ x and ⌺ y mirror planes, the other boundaries of the calculation region are terminated by the PML absorbing boundary conditions. Similar to the microcylinders, the distances between the PML and the up and down cladding layers, and lateral boundaries of the microsquare resonator are taken to be 5, 5, and 3 m (4, 5, and 2 m) for the LW (SW) microsquares. In the 3D microsquares, the TM-like WGMs are marked as TM p,q where p and q are the numbers of wave nodes in the x and y directions, respectively [15] . The characteristics of TM-like modes in the microcylinders and the microsquares are simulated with the 3D FDTD code written by ourselves [16] . In the simulation, an exciting source with a cosine impulse modulated by a Gaussian function
is added to the z-direction electric field E z at several points ͑x 0 , y 0 , z 0 ͒ inside the active region of the resonator for simulating TM-like modes, where t 0 and t are the times of the pulse center and the pulse half width, and f is the center frequency of the pulse. The time variation in a selected field component at some points inside the active region of the resonator is recorded as FDTD output, which is then transformed from the time domain to the frequency domain by the Padé approximation with Baker's algorithm [17] . Finally, the mode frequency and Q factor are calculated from the local peak position of the intensity spectrum and the ratio of the peak frequency to the full width at half maximum of the peak. The spatial steps ⌬x = ⌬y = ⌬r = 0.2 m, ⌬z = 0.1 m, and the time step satisfying the Courant condition are used in the numerical simulation. With the exciting source of Eq. (4), 100 000-150 000-step and 200 000-300 000-step FDTD simulations are performed for the 3D microsquare and microcylinder, respectively. Then the intensity spectra are calculated from the last 20 000 steps of the recorded FDTD output by the Padé approximation.
MODE Q FACTORS VERSUS ETCHING DEPTH
The mode frequencies and Q factors are calculated for the microcylinders with the structure parameters in Fig. 2(a) , the Q factor of the TM 22,1 mode reaches 10 4 as the etching depth is larger than 7.25 m, and the corresponding mode frequency approaches the constant value of 38.176 THz. In Fig. 2(b) , the Q factor of TM 18,1 is larger than 10 4 as the etching depth is larger than 5.75 m, and the corresponding mode frequency is 63.078 THz.
In the microcylinders, the vertical radiation loss is nearly zero for the TM-like WGM as its mode wavelength is larger than that of the corresponding radiation mode with the same mode indices in the cladding layer and the substrate [11, 12] . Based on the effective index approximation, we can calculate the mode wavelengths for the 3D microcylinder from the complex roots of the eigenvalue equation of the 2D microcylinder [18] , Table 1 are also simulated for the TM-like WGMs with the mode wavelengths around 7.8 and 4.8 m, respectively. The wide bandwidth exciting source Eq. (4) at t w = 400⌬t and t 0 = 1000⌬t is used for exciting multiple modes. The intensity spectra obtained by the 3D FDTD simulation are plotted in Fig. 3 for (a) the LW microsquare and (b) the SW microsquare as solid curves for the even TM-like modes. The results obtained by 2D FDTD under the effective index approximation with (a) n eff = 3.295 and (b) n eff = 3.325 are plotted as the dashed curve in Fig. 3 respectively, and the corresponding mode Q factors are 1.05ϫ 10 5 , 7.26ϫ 10 3 , and 3.37ϫ 10 4 obtained by the 2D FDTD under the effective index approximation. The mode indices of each peak of the intensity spectra in Fig. 3 are determined by calculating the mode field distribution by the 3D FDTD simulation under a narrow bandwidth optical pulse Eq. (4) at t w = 6000⌬t, t 0 = 15 000⌬t, and f of the peak frequency for exciting just one mode. The obtained field distributions of the electric field E z at the z = 0 plane are plotted in Fig. 4 for (a) TM 10, 12 , (b) TM 8, 14 , (c) TM 6, 16 , and (d) TM 10, 14 in the LW microsquare at D = 9.0 m.
The mode Q factors and frequencies obtained by the 3D FDTD with a narrow bandwidth exciting source are plotted in Fig. 5 as functions of the etching depth for the high Q modes in (a) LW and (b) SW microsquares. Different from the microcylinder case, the Q factors increase linearly with the increase in the etching depth and nearly approach constant values as the etching depth is larger than 9.0 and 7.0 m in the LW and SW microsquares, respectively. As the etching depth D = 9.0 m, the mode Q factors are 5.40ϫ 10 3 and 4.68ϫ 10 3 for the TM 10,14 and TM 10,12 modes as shown in Fig. 5(a) and the corresponding mode frequencies are 39.711 and 36.452 THz, respectively. The Q factor of the first order TM 10,14 is even larger than that of the fundamental TM 10, 12 at D = 9.0 m. But as D increases from 9.0 to 10.0 m, the mode Q factor of the TM 10,12 mode further increases to 5.90ϫ 10 3 instead of remaining as constant values for TM 10, 14 . In addition, the mode Q factor of 5.40ϫ 10 3 for TM 10, 14 obtained under the single mode exciting source is about 6% larger than that of 5.07ϫ 10 3 obtained under the wide band exciting source. In Fig. 5(b) , the mode Q factor for the TM 8,10 mode is 4.48ϫ 10 3 and 6.65ϫ 10 3 in the SW microsqaure as D = 6.5 m and 8.0 m, respectively, and the corresponding mode frequency is 58.627 THz.
In the 3D microcylinders and microsquares, the horizontal radiation loss will decrease with the increase in the etching depth and reach a constant value as the etching depth is large enough. The horizontal radiation loss of the microsquare resonator is usually larger than that of the microcylinder. Furthermore, the WG-like modes can couple with the vertical radiation modes with the same symmetry in the 3D square microcavities [19] , instead of the vertical radiation mode with the same mode index as in the microcylinder, because the mode field distributions in the microsquares have many angular components. As a result, the WG-like modes can couple with the vertical radiation modes of a lower mode number but with the same angular components. So the mode Q factors for the WGlike modes in the microsquare are usually smaller than that in the microcylinder. In Fig. 5 , the mode Q factors approach constant values as the etching depth is larger than 7.0 and 9.0 m for the SW and LW microsquares, respectively, which is corresponds to the vertical radiation loss that is larger than the horizontal radiation loss.
ETCHING DEPTH ESTIMATED BY FIELD DISTRIBUTION OF SLAB WAVEGUIDE
In this section, we estimate the necessary etching depth based on the Q factors versus the etching depth and the mode field distribution of the z-directional slab waveguide. The z-directional distributions of magnetic field H r obtained by the 3D FDTD simulation for the TM 22,1 mode in the LW microcylinder are plotted in Fig. 6(a) as the dotted and dashed lines at the etching depth of 7.0 and 8.0 m, respectively. For microsquare, the normalized effective amplitudes in the z direction obtained by the 3D FDTD simulation are defined as the square root of the average energy density in the x-y plane as in [19] . The normalized effective amplitudes for the TM 10,14 mode in the LW microsquare are plotted in Fig. 6(b) as the dotted and dashed lines at the etching depth of 7.0 and 8.0 m, respectively. The distributions of the magnetic field H i ͑i = x , y͒ for the TM mode at a wavelength of 7.8 m in the four-layer slab waveguide ͑air/ n 1 , d 1 / n 2 , d 2 / n 3 ͒ are also plotted as the solid curves in Figs. 6(a) and 6(b) . The results show that the field distributions obtained by the 3D FDTD simulation are well in agreement with that of the slab waveguide down to the etching depth, and the WGMs in the microsquare have a vertical radiation loss because the field amplitude approaches a nonzero value in the substrate as shown in Fig. 6(b) .
The field distributions of magnetic field H i ͑i = x , y͒ for the TM mode at wavelengths of 7.8 and 4.8 m are plotted in Fig. 7 as the solid and dashed curves in the fourlayer slab waveguide ͑air/ n 1 , d 1 / n 2 , d 2 / n 3 ͒ of the LW and SW structures. We find that the mode field amplitude reduces to 1% of the peak value, which is corresponds to the etching depth D = 6.7 and 9.0 m in the SW and LW structures, respectively. In Fig. 2 , the mode Q factors are larger than 8 ϫ 10 5 as the etching depth reach is larger than 6.7 and 9.0 m in the SW and LW microcylinders, respectively. In Fig. 5 , the mode Q factors are larger than 4 ϫ 10 3 as the etching depth is larger than 6.7 and 9.0 m in the SW and LW microsquares. The results indicate that the mode field amplitude of the corresponding multilayer slab waveguide reducing to 1% of the peak value can be chosen as a necessary etching depth for obtaining the WGMs with high Q factors. In the following section, the mode characteristics are simulated for a microcylinder with practical multilayer structure of a real InP-based QC laser at a wavelength of 7.4 m [20] . The simplified vertical refractive index distribution of the laser is shown in Fig. 8 Fig.  8(a) for the seven-layer slab waveguide. The optical confinement factor of the emission region is about 74.4% and the effective refractive index is 3.254. The Q factor and frequency of the TM 11,1 mode versus the etching depth obtained by the 3D FDTD simulation are plotted as solid and open circles in Fig. 8(b) , respectively, for the QC microcylinder laser with the 2.2 m thick emission region and R =5 m. The mode Q factor is larger than 10 4 as D =8 m, which is corresponding to the mode field amplitude of the multilayer slab waveguide that reduces to 2% of the peak value. In addition, we also consider the case where the thickness of the emission region is 1.8 m and the corresponding optical confinement factor is 67.6%. The obtained Q factors for the 3D microcylinder with the 1.8 m thick emission region are plotted as triangles in Fig. 8(b) , which are a little larger than that at 2.2 m thick emission region under the same etching depth.
MODE Q FACTORS VERSUS SIDEWALL ROUGHNESS
The sidewall roughness will greatly influence the mode Q factor for microcavity lasers [21, 22] , and the waveguide sidewall roughness also affects the threshold current density and slope efficiency of QC F-P cavity lasers [23] . In this section, the effects of roughness at the sidewalls of QC microsquare lasers on mode Q factors are numerically simulated by the 2D FDTD technique with periodic and random fluctuations at the sidewalls. The LW square microcavity with an effective refractive index of n eff = 3.295 and a sidelength of 10 m is used in the simulation, and the spatial steps ⌬x and ⌬y are set to be 20 nm and the PML absorbing boundaries are set to be 5 m away from the square microcavity. The fluctuation of the square microcavity is described as P͑x͒ = y 0 + F͑x͒, where y 0 is the smooth sidewall position, x is the position in the sidewall, and F͑x͒ is the fluctuation [22] . The cosinoidal function F͑x͒ = ␦ cos͑2x / a͒ with the perturbation amplitude ␦ and the period number is used to model periodic fluctuation. F͑x͒ satisfied Gaussian statistics with a zero mean value and a correlation ͗F͑x͒F͑xЈ͒͘ = 2 exp͓−͑x − xЈ͒ 2 / l 2 ͔ is used for the random fluctuation, where is the root-mean-square height and l is the correlation length in the x direction [21] .
The mode Q factors and frequencies of the TM 5,7 and TM 3,7 modes in the LW square microcavity with rough sidewalls are plotted in Fig. 9 as functions of (a) the perturbation amplitude ␦ at = 50 and (b) the rms height at l = 0.5 m. The variation in frequencies for the TM 5, 7 and TM 3,7 modes have almost the same trend as in Figs. 9(a) and 9(b), but the mode Q factor decreases with the rms height much quickly in Fig. 9(b) for the TM 5,7 mode. The results show that the scattering loss of the rough sidewalls can greatly limit the mode Q factor in the practical devices. 
CONCLUSION
We have calculated the variations in the mode Q factors with the etching depth for mid-infrared QC microcylinders and microsquare lasers by the 3D FDTD simulation. The Q factors of microcylinders increase exponentially with the increase in the etching depth, but those of microsquares first grow with the etching depth linearly and then approach a constant. The necessary etching depth for the microresonators is estimated based on the variation in Q factors and the field distribution of the corresponding vertical slab waveguide. We find that the field distribution of the corresponding multilayer slab waveguide reducing to 1% of the peak value can be chosen as the necessary value of the etching depth for the QC microcylinder and microsquare lasers. Furthermore, we find that some higher order transverse WG-like modes may have a higher Q factor than that of the fundamental WGlike modes in the 3D microsquares. In addition, the influence of the sidewall roughness on the mode Q factors is simulated for 2D microsquares with periodic and random roughness. 
